                       Coaching Class Hara
                        8.Quadrilaterals
A Diagonal Of A Parallelogram Divides It Into Two Congruent Triangles 

Consider a parallelogram ABCD. AC is a diagonal of the parallelogram.
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Suppose the area of ΔABC is 15 cm2. Can we find the area of the parallelogram with this information?
Yes, we can find the area of the parallelogram by using one of its properties, which can be stated as follows.

	“A diagonal of a parallelogram divides it into two congruent triangles”.


Therefore, now with the help of this property, we can find the area of the parallelogram ABCD.

In the given figure, the diagonal AC divides the parallelogram into two congruent triangles, ΔABC and ΔADC.

We know that congruent figures are equal in area.

 ar (ΔABC) = ar (ΔADC)

 Area of parallelogram ABCD = 2 × ar (ΔABC)

= 2 × 15 cm2
= 30 cm2
1:In the given figure, ABCD and BECD are two parallelograms. Prove that ΔABD ΔBEC.
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Solution:
ABCD is a parallelogram with BD as a diagonal. Therefore,

ΔABD  ΔBCD (Since the diagonal of a parallelogram divides it into two congruent triangles)

Similarly, BECD is a parallelogram with BC as a diagonal. Therefore,

ΔBCD  ΔBEC

 ΔABD  ΔBEC

2:The area of the parallelogram PQRS is 50 cm2. Find the distance between the parallel sides PQ and SR, if the length of the side PQ is 6 cm.
Solution:
Let us draw a diagonal SQ of parallelogram PQRS and a perpendicular SX on the extended line PQ as shown in the figure.
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We know that a diagonal of a parallelogram divides it into two congruent triangles. Also, congruent figures are equal in area.

 ar (ΔPQS) = ar (ΔQRS)

Area of parallelogram = ar (ΔPQS) + ar (ΔQRS) = 2 × ar (ΔPQS)

 ar (ΔPQS) = [image: image4.png](area of parallelogram)




= [image: image5.png]


= 25 cm2
Also, ar (ΔPQS) = [image: image6.png]1
~(PQ)(SX
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= 25 cm2
 (PQ) (SX) = 50 cm2
 SX = [image: image7.png]


(Since it is given that PQ = 6 cm)

 SX = 8.3 cm

Thus, the distance between the parallel sides PQ and SR is 8.3 cm.

3:In a parallelogram ABCD, the bisector of A also bisects side BC. Prove that the length of side AD is twice the length of side AB.
Solution:
The figure of parallelogram ABCD can be drawn as follows.
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Here, AX is the bisector of A.

 [image: image9.png]


… (1)

Since ABCD is a parallelogram, AD || BC and AB is a transversal. Therefore, we obtain

BAD + ABC = 180° … (2)

By the angle sum property of triangles in ΔABX, we obtain

1 + 2 + ABX = 180°

 [image: image10.png]1 /Bap
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+ 2 + 180° – BAD = 180° [Using equations (1) and (2)]

 2 – [image: image11.png]1 /Bap
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= 0
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 1 = 2

We know that the sides opposite to equal angles are equal. Therefore,

AB = BX … (3)

Since ABCD is a parallelogram, AD = BC

 AD = BX + CX = 2 BX (AX bisects side BC  BX = XC)

AD = 2 AB [Using equation (3)]

Thus, the length of side AD is twice the length of side AB.

4:In the given figure, ABCD is a parallelogram and B is the mid-point of AE. If BD = CE, then prove that BECD is a parallelogram.
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Solution:
Since ABCD is a parallelogram, the opposite sides are equal.

AB = CD … (1)

B is the mid-point of AE.

 AB = BE … (2)

From equations (1) and (2), we obtain

CD = BE

Also, it is given that

BD = CE

Now, the opposite sides of quadrilateral BECD are equal.

Thus, BECD is a parallelogram.
In A Parallelogram, Opposite Angles Are Equal 

5: Consider the following parallelogram.
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Can we find all the four angles of the given parallelogram?
Let us try to find the angles.

Consider ΔPRS.

Using angle sum property of triangles in ΔPRS, we obtain

6x + 5x + 4x = 180°

 15x = 180°

 x = 12°

 PSR = 6 × 12° = 72°

SPR = 5 × 12° = 60°

PRS = 4 × 12° = 48°

We also know that alternate angles are equal. Therefore,

PRQ = SPR = 60°

RPQ = PRS = 48°

SPQ = 60° + 48° = 108°

SRQ = SPQ = 108°

Now the question arises, how will we find PQR?
We can find this angle by making use of a property of parallelograms. That property can be stated as follows.

	“In a parallelogram, opposite angles are equal”.


Thus, let us find the remaining angle of the parallelogram, i.e. PQR, by using this property.

The opposite angles of a parallelogram are equal, therefore

PQR = PSR

 PQR = 72°

Thus, in this way, we can make use of this property to find the missing angles of a parallelogram.

What can we say about the converse of this property? Is the converse also true?
Yes, the converse of this property is also true. It can be stated as follows.

	“If in a quadrilateral, each pair of opposite angles is equal, then it is a parallelogram”.


If in the quadrilateral PQRS, P = R and Q = S as shown in the following figure, then the quadrilateral is a parallelogram.
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Let us now look at some examples to understand this concept better.

6:Show that the bisectors of opposite angles of a parallelogram are parallel to each other.
Solution:
Let ABCD be a parallelogram. BL and DM are the angle bisectors of ABC and ADC respectively.
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Since BL and DM are the bisectors of B and D respectively, therefore
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And,
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We know that opposite angles of a parallelogram are equal.

 ABC = ADC

On dividing both sides by 2, we obtain
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Using equations (i) and (ii), we obtain

LBM = LDM

Since LD and BM are parallel, DLB + LBM = 180°

[Corresponding pair of angles]

DLB = 180° – LBM

Similarly, DMB = 180° – LDM

DLB = DMB [LBM = LDM]

Therefore, LDMB is a parallelogram as its opposite angles are equal.

 BL || DM

Thus, we can say that the angle bisectors of opposite angles of a parallelogram are also parallel.

7:Is ABCD a parallelogram?
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Solution:
CBX and ABC form a linear pair.

 CBX + ABC = 180°

 ABC = 180° – CBX

 ABC = 180° – 70°

 ABC = 110°

It is given that ADC = 110°

ABC = ADC

Similarly, DCY and BCD form a linear pair.

 DCY + BCD = 180°

 BCD = 180° – DCY

 BCD = 180° – 110°

 BCD = 70°

It is given that BAD = 70°

 BCD = BAD

Here, each pair of opposite angles of the quadrilateral is equal.

Hence, ABCD is a parallelogram

Diagonals Of A Parallelogram Bisect Each Other

8:In the given figure, PQRS is a parallelogram. X and Y are points on the diagonal PR such that PX and YR are equal. Prove that
(i) XQYS is a parallelogram
(ii) ΔQYR ΔSXP
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Solution:
(i) We know that the diagonals of a parallelogram bisect each other.

 OS = OQ … (i)

OP = OR … (ii)

It is given that

PX = YR … (iii)

On subtracting equation (iii) from equation (ii), we obtain

OP – PX = OR – YR

OX = OY … (iv)

From equations (i) and (iv), we obtain

OS = OQ and OX = OY

Thus, the diagonals SQ and XY of the quadrilateral bisect each other at O.

Thus, XQYS is a parallelogram.

(ii) In ΔSXP and ΔQYR,

PS = QR (Opposite sides of parallelogram PQRS)

SX = QY (Opposite sides of parallelogram XQYS)

PX = YR (Given)

By SSS congruence rule, we obtain

ΔSXP  ΔQYR

9:In the given figure, ABCD is a parallelogram. If OD = 4x – 10 and OB = 2x + 2, then find x.
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Solution:
We know that the diagonals of a parallelogram bisect each other.

 OD = OB

 4x – 10 = 2x + 2

 4x – 2x = 2 + 10

 2x = 12

 x = 6

Thus, the value of x is 6
10:Two line segments XZ and YW bisect each other at point O. If we join XY, YZ, ZW and WX, then prove that the quadrilateral WXYZ so formed is a parallelogram.
Solution:
The figure can be drawn as follows.
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Consider ΔXOY and ΔWOZ.

Since XZ and YW bisect each other at O, therefore,

XO = ZO

WO = YO

XOY = ZOW (vertically opposite angles)

Thus, by SAS congruence rule, we obtain

ΔXOY  ΔZOW

Now, by CPCT, we obtain

1 = 2

XY = ZW

Now, XZ intersects XY and ZW such that the alternate interior angles are equal, i.e. 1 = 2.

 XY || ZW

Thus, in the quadrilateral WXYZ, we obtain

XY || ZW and XY = ZW

 WXYZ is a parallelogram.

11:In ΔPQR, PT is the median produced to S such that PT = TS. Prove that PQSR is a parallelogram.
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Solution:
PT is the median, therefore,

QT = TR

Now, in ΔPTQ and ΔSTR,

QT = TR (given)

PT = TS (given)

PTQ = STR (vertically opposite angles)

Thus, by SAS congruence rule, we obtain

ΔPTQ  ΔSTR

 By CPCT, we obtain

PQT = SRT

and PQ = SR

Now, PS intersects PQ and SR such that the alternate interior angles, i.e. PQT and SRT are equal.

 PQ || SR

Thus, in the quadrilateral PQSR,

PQ || SR and PQ = SR

 PQSR is a parallelogram
12:In the following figure, D, E, and F are the mid-points of sides AB, BC, and AC respectively.
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Prove that BEFD is a parallelogram.
Solution:
In ΔABC, D and F are the mid-points of AB and AC respectively.

By using mid-point theorem, we obtain

 DF || BE … (1)

Similarly, in ΔABC, E and F are the mid-points of BC and AC respectively.

By using mid-point theorem, we obtain

 EF || BD … (2)

From equations (1) and (2), we obtain

DF || BE and EF || BD

Now, in quadrilateral BEFD, DF || BE and EF || BD, i.e. both pairs of opposite sides are parallel to each other.

We know that if both pairs of opposite sides of a quadrilateral are parallel to each other, then the quadrilateral is a parallelogram.

Thus, BEFD is a parallelogram.
13:Prove that the quadrilateral formed by joining the mid-points of all sides of a quadrilateral is a parallelogram.
Solution:
Let ABCD be a quadrilateral and P, Q, R, S are the mid-points of the sides AB, BC, CD, and DA respectively. Let us draw the diagonal AC of the quadrilateral ABCD as shown in the following figure.
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To prove that PQRS is a parallelogram, we have to prove that one pair of opposite sides is equal and parallel, i.e. PQ || RS and PQ = RS.

In ΔACD, R and S are the mid-points of the sides CD and DA respectively.

Hence, by using mid-point theorem, we obtain

RS || AC and [image: image27.png]


… (1)

Now, in ΔABC, P and Q are the mid-points of the sides AB and BC respectively.

Hence, by using mid-point theorem, we obtain

PQ || AC and [image: image28.png]


… (2)

From equations (1) and (2), we obtain

PQ || RS (the lines parallel to the same line are also parallel to each other)

and PQ = RS

In quadrilateral PQRS, we obtain

PQ || RS and PQ = RS, i.e. one pair of opposite sides of the quadrilateral PQRS is parallel and equal to each other.

Thus, PQRS is a parallelogram.

14:In the following figure, PQRS is a trapezium in which PQ || RS. If L is the mid-point of line segment PS and LM || PQ, then prove that RM = QM.
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Solution:
It is given that LM || PQ and PQ || RS.

Thus, LM || RS. (the lines parallel to the same line are also parallel to each other)

Join PR. Let PR intersect LM at O as shown in the following figure.
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In ΔPSR, L is the mid-point of PS and LO || RS. By using the converse of mid-point theorem, we obtain that

O is the mid-point of line segment PR.

Now, in ΔPQR, O is the mid-point of PR and OM || PQ. By using the converse of mid-point theorem, we obtain that
M is the mid-point of QR.

 RM = QM

15:In the following figure, PA is the median of the triangle PQR. X is the mid-point of PA. RX produced meets PQ at Y. Prove that [image: image31.png]


.
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Solution:
A line AB through A and parallel to RY is drawn as shown in the figure below.
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In ΔPAB, X is the mid-point of AP and XY || AB. Hence, by using converse of mid-point theorem, we obtain that

Y is the mid point of PB.

 PY = YB … (1)

In ΔQYR, A is the mid-point of QR, ([image: image34.png]


 AD is the median of the triangle PQR)

and XY || AB.

Hence, by using converse of mid-point theorem, we obtain that

B is the mid point of PB.

 YB = BQ … (2)

From equations (1) and (2), we obtain

PY = YB = BQ … (3)

From the figure, we obtain

PY + YB + BQ = PQ

PY + PY + PY = PQ

3 PY = PQ

[image: image35.png]



16.
	The given figure shows a triangle ABC in which D, E, and F are the mid-points of sides AB, BC, and CA respectively.
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If the area of ΔABC is 272 m2, then what is the area of ΔDEF?

It is given that D and F are the mid-points of sides AB and CA respectively.

We know that the line segment joining the mid-points of any two sides of a triangle is parallel to the third side.

DF || BC 

Similarly, we can show that DE||AC and EF||AB.

Therefore, ADEF, BDFE, and DFCE are parallelograms.

Now, DF is a diagonal of parallelogram ADEF.

ΔDEF  ΔFAD

[Diagonal of a parallelogram divides the parallelogram into two congruent triangles]

Similarly, ΔDEF  ΔEDB and ΔDEF  ΔCFE

Hence, all four triangles i.e., ΔDEF, ΔFAD, ΔEDB, and ΔCFE are congruent.
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17. 

Use the following information to answer the next question.
	The given figure shows a parallelogram ABCD.
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What is the measure of ABC?
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On applying angle sum property of triangles to ΔBCD, we obtain

BDC + C + CBD = 180°

 55° + 75° + CBD = 180°

 130° + CBD = 180°

 CBD = 180° − 130° = 50°

In a parallelogram, opposite sides are parallel.

BDC = ABD [Pair of alternate interior angles]

 ABD = 55°

ABC = ABD + CBD = 55° + 50° = 105°

Thus, the measure of ABC is 105°.

